We investigate the effects of terms-of-trade shocks on the spending and current account where households with the modified Becker-Mulligan endogenous time preference maximize their utility over an infinite planning period. Our results show that, with the modified Becker-Mulligan preference, the effect of the deterioration in terms of trade on the current account depends on people's characters. However, with the second preference we have considered, the deterioration in terms of trade will result in a current account deficit, which is the same as Obstfeld (1982) , where households with Uzawa endogenous time preference are considered; deterioration in terms of trade leads to a decline in the current account. These theoretical results are consistent with the empirical evidence by numerical simulations.
Introduction
There are many fluctuations in small open economies, since they tend to be easily disturbed by external shocks through international trade. The effects of deterioration in terms of trade faced by small open economies have caused much attention. Harberger [1] and Laursen and Metzler [2] put forward that a decrease in current income arising from an adverse terms-of-trade shock would lower both private savings and the current account balance. Meeting the conditions of Harberger-Laursen-Metzler effect (H-L-M effect), income effect caused by the terms-of-trade degradation will bring decreases of current income and total savings and then finally lead to the deterioration of the current account.
So far, the H-L-M effect has caused lots of academic discussions, and many researchers have gotten support for this effect or the contrary results, by establishing different models or modifying the parameters in the model, especially the time preference. Obstfeld [3] proposes a model to investigate the H-L-M effect, assuming that households maximize their utility over an infinite planning period. It is found that an economy specialized in production (means that the country is small and open) must experience a fall in aggregate spending and a current surplus as a result of an unanticipated, permanent worsening in its terms of trade. He provides a setting in which the current account deficit predicted by Harberger [1] and Laursen and Metzler [2] fails to materialize, where an endogenous Uzawa time preference is used. Following Uzawa [4] , it is supposed that time preferences factor is a function of the utility of consumption level, and the consumer utility and the future patient degree changed inversely. Svensson and Razin [5] reexamine the issues on the basis of Obstfeld's propositions. They set up a two-period, two-good framework. A new discovery is that there are deteriorations in the current account and savings as a result of temporary deterioration in terms of trade, but this might go either way as a result of any permanent deterioration. After more than 20 years, Huang and Meng [6] investigate the effects of a permanent terms-of-trade change on a dynamic small open economy facing an imperfect world capital market as studied in Obstfeld [3] under the assumption that households' subjective discount rate is a decreasing function of instantaneous 2 Discrete Dynamics in Nature and Society utility. They show that an unanticipated permanent termsof-trade deterioration leads to an increase in aggregate expenditure and a current account deficit, which is in stark contrast to those obtained in Obstfeld [3] .
Sen and Turnovsky [7] use fixed time preferences in the indefinite model to discuss the H-L-M effect. They consider the choice between leisure (labor) and capital accumulation. In their model, worsening terms of trade would lead to the current account deficit or do not depend on people's investment behavior. Based on the habit fixed model, Mansoorian [8] also considers the demonstration in the discussions of the indefinite model. In the model, the changes of people habits depend on the past consumption. If time preferences change as people's consumption slowly changes, the deteriorating terms of trade will gradually reduce savings and eventually lead to the current account deficit. More recently, Angyridis and Mansoorian [9] investigate the influences of termsof-trade deterioration on the current account when the representative agent has Marshallian preference. With this preference, the rate of time preference is a decreasing function of savings and the permanent income of the representative agent is reduced by the terms-of-trade deterioration. As savings fall, the country experiences a current account deficit. Various evaluations of the model imply that the H-L-M effect is applied in an infinite horizon model with an endogenous rate of time preference, with standard functional forms and reasonable parameter values.
Becker and Mulligan [10] propose a time preference that is not a by-product of other choices. The presupposition is that consumers often make efforts and carry out activities in order to influence the discount on future utilities. According to the viewpoint, the resources are spent on imagining future pleasures, which is termed as "future oriented capital," determining the rate of a time preference. Thus, Becker and Mulligan determine the time preference rate by relating it to resources spent on imagining future pleasures, where the larger the resources are spent the more patient the individual is. Such resources may be spent on schooling, newspapers, membership in a Christmas Club, and so on. In what follows, for simplicity we call this Becker-Mulligan endogenous time preference to be B-M preference.
Recently, there are a vast and ever-growing number of studies on the B-M preference. For example, Gong and Zou [11] discuss the effects of government expenditure, income tax rate, and consumption tax rate on the steady-state capital stock, consumption level, in the Ramsey model with B-M preference, and find that, with the increasing of the government expenditure, the steady-state capital stock and the spending on imaging the future will be decrease, but the effect on the consumption level is ambiguous. Recently, Gong [12] investigates the effects of monetary growth in an infinitely lived, representative agent model with B-M preference. He finds that an increase in the inflation rate reduces the resources spent on imagining the future, which increases the rate of time preference and decreases the steady-state value of capital stock. This paper studies the H-L-M effect with modified B-M preference which has been the academic focus for more than a half century. We present the model based on the modified B-M preference in Section 2. In the model, the representative consumer strengthens his expectation of future consumption with certain endowment, and the model has the utility maximization function and restrictive conditions about capital increase. Using the Pontryagin Maximum Principle [13] , we get the optimality conditions when the objective function model is maximized and the conditions which guarantee that the economy becomes stable. Section 3 studies the saddle point stability of the economy system and points out the existence and inexistence of the H-L-M effect which depend on people's characters. The empirical evidence is explored by numerical simulations in Section 4. We conclude this paper in the final section.
The Model
Consider an open and small economy consisting of identical households, each maximizing its utility over an infinite lifetime. Assume that the instantaneous utility function is composed of two goods: one is imported from abroad, , and the other is available at home, ℎ , in fixed supply. Households may save by accumulating an internationally traded bond, , which is assumed, without loss of generality, to be indexed to the foreign good.
Assumptions.
The instantaneous utility function of the representative household is taken to be nonnegative, strictly increasing in both its arguments, strictly concave, and twice continuously differentiable. To avoid noninterior solutions to the household's lifetime consumption problem, we assume that
The household's objective is to maximize the discounted sum of future instantaneous utility:
where
Following Becker and Mulligan [10] , assume that people have the option to increase their appreciation of the future. This effort can be modeled by allowing the consumer to make future pleasures less remote by spending resources on imagination, which is denoted as . Suppose that the time preference is a function of the spending resources , mathematically ( ), and we make two assumptions as follows:
Case 1:
Discrete Dynamics in Nature and Society 3 Case 2:
for all ≥ 0.
1 With the assumption in (4a), the time preference in maximization problem (3) is called the modified B-M preference. The assumption in (4b) is another case we have considered.
From (4a), we know that, with the increasing of the resources spent on imagination, the propinquity of future pleasures will increase, and thus ( ) is decreasing. The concavity assumption ( ) < 0 requires that the resources spent on imagining future utilities become increasingly more effective in decreasing their remoteness.
At each instant, the representative family is bound by a flow constraint linking any divergence between its income and its expenditure to its accumulation of claims on future units of the foreign good. Letting = ( ) denote bond holdings at time , letting be the price of foreign goods in terms of domestic goods, letting be the family's (fixed) endowment of the home good, and letting be the international rate of interest, we can write this budget constraint aṡ
which implies that, for the economy as a whole, the capital account deficit must be equal to the excess of income over expenditure and resources spent on imagination. The household is also bound by a second constraint on its program of saving and spending. The discounted integral of lifetime expenditure (measured in domestic goods) and resources spent on imagination must be not greater than the capitalized value of lifetime output plus initial bond holdings; that is,
The importance of this constraint can be appreciated by contrasting the present infinite horizon planning problem with a finite-horizon problem whose planning period ends at time . In the latter setting, the family's budget constraint clearly implies that ( ) is nonnegative, and for any lifetime, borrowing must be repaid before death. But an infinitely lived family facing a perfect capital market may borrow and consume arbitrarily large amounts while it is always meeting its interest payments through further borrowing. Its lifetime utility is unbounded; that is, no optimal program exists unless such a condition is imposed.
To rule out this "paradox of borrowing," we impose the feasibility constraint that, at each moment, the family's capitalized future output must exceed its indebtedness:
The household's problem is to choose paths for consumptions on , ℎ , and to
given an initial stock 0 of net claims on foreigners. The number of households is for convenience taken to be 1, so that the consumption and saving paths chosen by the representative household may be identified with those of the economy as a whole.
Two Simplifications.
Two simplifications will facilitate our derivation of the necessary conditions for a solution to problem (8) , just as what Obstfeld [3] has used. In order to maximize the lifetime welfare, at each moment the household must maximize its instantaneous utility, given relative prices and its chosen level of expenditure on consumption goods in general. The first simplification is to replace the utility function with the indirect utility function as
which both reduces the dimensionality of our problem and allows us to focus on a variable of primary interest, expenditure measured in terms of the domestic good . 2 The second simplification is achieved by changing variables in the maximization problem from to Δ , using the fact that
which reduces the household's problem to that of choosing a path for and to
and the given initial bond holdings 0 .
Solutions of the Model.
Necessary conditions for a solution to such a maximization problem are readily derived using the Pontryagin Maximum Principle. 3 To apply this principle, we introduce the costate variable = Δ , which may be interpreted as the imputed value or shadow price of saving, measured in utility terms. According to the Maximum 4 Discrete Dynamics in Nature and Society Principle, an optimal program must maximize the following Hamiltonian for each :
with respect to , , and . The solutions to the first-order conditions / = 0 and / = 0 are
The Euler equation reversing initial change of variables ( Δ = ( ) ) iṡ=
which denotes that the marginal rate of time preference must at each instant equal the rate of return on bonds plus "capital gains," that is,/ . Moreover, from the previous simplification, the feasibility budget condition iṡ
While the four equations (14)- (17) are necessarily satisfied by an optimal program, they are not in themselves sufficient to guarantee optimality. The stock of bonds inherited from the past is predetermined at time = 0 and this fact provides an initial condition for the differential equation system defined by the four equations (14)- (17) . But an initial value of shadow price is also required, and unless this shadow price is chosen correctly, the path will be suboptimal. The problem is again due to our assumption that the planning unit has an infinite lifetime. If this lifetime instead ends at time , the terminal condition ( ) = 0 would enable us to solve backward for 0 . But in the present context, no such restriction is available.
Stationary Conditions.
It is natural to consider the steady state ( , , ) of the economy. Firstly, the conditioṅ
guarantees that the marginal rate of time preference equals the rate of interest, and the conditioṅ
gives the external balance. The reason for doing so is that the paths which converge to the steady state satisfy the sufficiency condition for optimal problem
and so are optimal. In the next section, we show that there exists a unique convergent path, which will guarantee that the economy's response to a permanent change in the parameters that it faces is uniquely determined.
The H-L-M Effect with Modified B-M Preference
We are interested in the situation that there is a steady state and an optimal path moving towards to it. Just as shown above, the optimal path must be in accordance with (14)- (17), and the steady state will be determined by (18) and (19 
Putting (14) and (21) into (16), we havė
From (14) and (15), we get
from which and the implicit function theorem we can represent as functions of and ; that is,
Thus the steady state ( , , ) of the economy with = ( , ) reached wheṅ=̇= 0 is characterized by
The linearized system associated with the dynamic system (19) and (22) around the steady state is
The determinate of the coefficient matrix of the above linear system is given by det ( ( ) ( )
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From (23), we have
In the next two subsections, we analyze the dynamic system (19) and (22) above near the steady state and investigate the existence of the H-L-M effect.
The H-L-M Effect in Case 1.
Under the assumption in Case 1, we have
thus the determinant of the coefficient matrix of (26), that is, (27) , is negative. So the dynamic system has one negative and one positive characteristic root, which is crucial for stability. The dynamic system has a perfect foresight saddle point path near the steady state. The phase diagram analysis is done to show the changes of current account and expenditure in response to terms-of-trade shocks. Firstly, consider thė= 0 locus. Any point on this locus must satisfy ( ( , )) = , so differentiating both sides with respect to , we have
Hence we have
which shows thaṫ= 0 locus is downward in the diagram. For thė= 0 locus, in the same way, we have
whose slope depends on the sign of the numerator. In what follows, the sign of / is considered in two cases.
Case 1. (a)
If +1 > 0, we have / > 0 and thė= 0 curve is upward. When doing the long-run equilibrium analysis, = 0 shows the + = + ( , ). Thus when the price increases, this curve must move downward. Figure 1 displays the dynamic behaviors of the system described by (19) and (22) in response to the increase of price . It is shown that when facing with the deterioration in terms of trade (i.e., the price increases), the current account of the small open economy will decrease and the expenditure will increase to get to a new saddle point path. This supports the H-L-M presumption of a current account deficit when deterioration of terms-of-trade occurs. (b) If + 1 < 0, we have / < 0. In this case, one should firstly compare the slope of the curveṡ= 0 anḋ= 0, since
Thė= 0 curve is flatter than thė= 0 curve. Figure 2 displays the dynamic behaviors of the system described by (19) and (22) in response to the increase of price . It is observed that the deterioration in terms of trade leads to the increase of the current account and decrease of the expenditure, which is a result contrary to the H-L-M presumption of a current account deficit when worsening of terms-of-trade occurs.
The H-L-M Effect in Case 2.
Under the assumption in Case 2, we have so the determinant of the coefficient matrix of (26), that is, (27) , is also negative. So the dynamic system has one negative and one positive characteristic root, which has a perfect foresight saddle point path near the steady state. In the following, the phase diagram analysis is done to show the changes of current account and expenditure in response to terms-of-trade shocks. Thė= 0 locus can be easily drawn as what we have done in Section 3.2. Since
the sign of − is key to know the direction of the curvė = 0. We should also consider two cases to determine the sign of / .
Case 2. (a) When
> , that is, ( ) 2 /( ( ) ⋅ ( ) ) < 1, we have
So thė= 0 curve is upward. As done in Section 3.2, when the price increases, thė= 0 curve moves downward. Figure 3 displays the phase diagram and effect of a permanent termsof-trade deterioration. It is shown that when facing with the deterioration in terms of trade, the current account decreases and the expenditure increases to get to a new saddle point path, which supports the H-L-M presumption of a current account deficit when deterioration of terms-of-trade occurs.
So thė= 0 curve is downward. We should compare the slope of this two curves to determine their location in the diagram. Since thė= 0 curve must be steeper thaṅ= 0. Figure 4 also displays the phase diagram and effect of a permanent termsof-trade deterioration. We see that when facing with the deterioration in terms of trade, the current account decreases and the expenditure increases to get to a new saddle point path, which supports the H-L-M presumption.
Empirical Evidence by Numerical Simulations
To illustrate the results above, the analytical model is simulated numerically. As is known, this model poses a twopoint boundary value problem in a continuous setting and the deterioration in terms of trade is permanent; we refer to the simulation method used by Trimborn et al. [14] . For the numerical implication, the instantaneous utility function is taken to be Cobb-Douglas, so that the import content of consumption is independent of relative price, which is the same as Serven [15] and the form is
where the parameter satisfies 0 < < 1.
Our choice of preference parameters is standard, the same as Eicher et al. [16] . The time preference function is set as quadratic with a parameter 0 ; that is,
The world real interest rate is = 0.06 and the constant income is = 0.5. The terms of trade is 0.95 initially and rises to 1, as shown in Table 1 . Thus the transitional paths begin at the initial steady state and then come to the new steady state after the terms of trade deteriorates.
With the parameterization in Table 1 , Figure 5 presents the simulated trajectories of bond holdings, consumptions, and resources on the imagination following a permanent unanticipated increase in the price. It is shown in Figure 5 that starting from the steady-state equilibrium at time = 0, both consumption and resources spent on imagination jump to a higher level, from the red point to the blue point, in the short run. Bond holdings decrease in the short run and in the long run, which means that the current account is deficit and the result is the same as the outcome predicted by Laursen and Metzler [2] and Obstfeld [3] , which is consistent with theoretical results in Section 3, where the H-L-M effect exists.
Conclusion
Obstfeld [3] finds that, in a context of explicit, intertemporal optimization, the well-known H-L-M relationship predicts a decline in saving and thus a current deficit is invalid. Deterioration in the terms of trade, in his paper, leads to a current surplus as households acquire interest-bearing claims on foreigners in order to restore their steady-state utility to its original level. He assumes that people have Uzawa preference, which holds the point that time preferences factor is a function of the utility of consumption level. However, according to Marshall [17] , agents derive direct utility from the act of savings. It is demonstrated by Angyridis and Mansoorian [9] that, with this preference, a terms-of-trade deterioration, by lowering the permanent income of the representative agent, reduces savings and leads to a current account deficit. This supports the H-L-M effect.
Becker and Mulligan [10] believe that consumers often make efforts and carry out activities to influence the discount on future utilities. According to their viewpoint, the resource spent on imagining future pleasures, which is called , is to increase their appreciation of the future. By modifying this time preference, we study in this paper the H-L-M effect which has been the academic discussion for a half century.
We have studied the H-L-M effect on an open economy peopled by infinitely lived, utility-maximizing families, and it is found that whether the H-L-M effect exists depends on people's characters, such as sagacity and far-sight. The validity of the H-L-M prediction depends in general on the economy's intertemporal utility forms and its time preferences. We have analyzed some possible cases and have focused on resources on imagination that are freely chosen, but it is clearly desirable to extend our analysis to more general resources changing paths, for example, to the expenditure. In the future work, we will develop a two-country world economy with modified Becker-Mulligan endogenous time preference to investigate the macroeconomic dynamics and H-L-M effect [18] . Moreover, in order to associate with the recent empirical evidence, we will incorporate investment behavior explicitly in the model. The inclusion of investment is important because the current account should be the difference between saving and investment, and hence investment should play an important role in explaining the current account adjustment. There are numerous studies that argue that the current account fluctuations are largely driven by investment rather than by saving [19, 20] . The recent empirical evidence also indicates that capital goods in trade flows actually represent the leading import item for many countries [21, 22] . Thus the empirical studies [23] [24] [25] provide a way for us to improve the theoretical model [26] .
